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Abstract. In the first part of this work, we study ergodic properties of ran- 
dom iterations of conservative cyUnder flows, given by R-extensions of an er- 
godic probabiUty measure-preserving transformation, and obtain a version of 
Kakutani's random ergodic theorem for such systems. In the second part, we 
restrict attention to the case of two R-extensions of an uniquely ergodic prob- 
abiUty measure-preserving transformation, for a large class of roof functions. 
We thus prove that the resulting random dynamical system satisfies the cen- 
tral, functional central and local limit theorems. As a corollary, it is rationally 
ergodic, with return sequence y/n. 



1. Introduction 

Let (X, I/, T) be a probability measure-preserving system, and let A be the 
Lebesgue measure on M. Of course, the R-extension ^o^-'^xK^XxR given by 

which preserves the infinite product measure x A, is not ergodic, as it has a 
$o-invariant foliation by horizontal circles. 

Now let : X — R be a non-identically zero, measurable function with (\)dv — 
0, and consider the R-extension $i:XxR— t-XxR defined by 

$i(a;,t) = (Tx,t + ?!)(x)), 

from now on called a conservative cylinder flow. Again, $1 preserves x A. There 
are clear obstructions for ergodicity. For example, if is a coboundary for T, then 
$1 is conjugate to $0 and thus is not ergodic. This shows that not only (j) and T 
separately determine the ergodic properties of $1, but also the way </> relates to T. 

In the present paper we study ergodic properties of random iterations of such 
conservative cylinder flows. Because the invariant foliations of $0 and $1 are differ- 
ent, it might occur that this random dynamical system, from now on called random 
conservative cylinder flow, is ergodic. The theorem below characterizes, in terms of 
(j), when this happens. As ergodicity is a measure-theoretical invariant, also must 
be the condition on 0. Define the essential image of (j) to be the set of t G R for 
which (p^^lt — e,t + e] has positive I'-measure, for any e > 0. We thus have the 

Theorem 1.1. Let (X,iy,T) be an invertihle, ergodic probability measure-preserving 
system, and let ip : X R be a measurable function with ^^(j)dv = 0. Then the 
random conservative cylinder flow 

F : fiaxAxR — > OaxAxR 

{uj,x,t) I — > {auj,Tx,t + luq(I){x)) 
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is ergodic if and only if the closed subgroup generated by the essential image of 4> is 
R. 

Above, Vlk — {0, 1, . . . , fc — 1}^ denotes the space of two-sided sequences uj = 
{uJn)nez of k symbols equipped with the uniform Bernoulh measure ^, a : flk ^ 
is the shift map, which preserves the measure /i, and the measure considered on 
rife X X X K. is the product measure ^ x v x X, which is preserved under iterations 
of F. Indeed, from now on we always assume, without further explanation, that 
the product of measure-preserving transformations is equipped with the respective 
product measure. 

On the point of view of abstract ergodic theory. Theorem 11.11 is a result on 
random dynamical systems with infinite measure, and it is a consequence of a more 
general statement about random conservative cylinder fiows, which is the content 
of Theorem 11.21 below. Let us briefly describe the setup: {X, v, T) is again an 
invertible, ergodic probability measure-preserving system, and 0o, ■ • ■ , </>/c-i : X — > 
M are measurable functions, all of which with zero integral. For i = 0, 1, . . . , fc — 1, 
let $i : X X R — !■ X X R be the conservative cylinder flow deflned by 

^^{x,t) = iTx,t + (t),{x)), 

which preserves the measure x A. Let us say that the system {<i>o, . . . , $fc-i} is 
ergodic if a measurable subset A C X x M. such that 

A = %^A = <P^^A = ■■■ = <^>'^\A 

either has zero or full measure. Alternatively, {$0; ■ ■ • : 'i'fe-i} is ergodic if every 
bounded function g : AT x R — > R which is invariant under ^q, . . . , $fc_i is constant 
almost everywhere. 

Theorem 1.2. Let (A, iy,T) be an invertible, ergodic probability measure-preserving 
system, and let ^q, ... , :AxR— >-AxM be conservative cylinder flows. Then 
the random conservative cylinder flow 

F : fJfexAxR — > f^fcxAxM 

{uj,x,t) I — > {auj,<^^^{x,t)) 

is ergodic if and only if the system {$0j • • ■ j "^fe-i} is ergodic. 

Theorem 11.21 is a version of Kakutani's random ergodic theorem (originally 
proved in [10]) for conservative cylinder flows. The first version of this theorem 
for infinite measure- preserving transformations appeared in a paper of Wos [17j . 
Even Theorem 11.21 may be concluded directly from [17] , we provide the proof since 
the conditions that guarantee ergodicity for the random cylinder flow are much 
easier to formulate than that in [17] and similar to those usually used in inflnite er- 
godic theory. We would like to thank David Sauzin for pointing out Wos' theorem. 
Indeed, he has a strong application of such result for the context of standard maps 

Yet on the point of view of abstract ergodic theory, it is known that classical 
theorems are no longer valid for infinite measures. For instance, Birkhoff 's averages 
converge to zero almost surely, and this leads us to the following question: what 
would be a good candidate for a Birkhoff-type theorem in this context? One attempt 
of obtaining this has been made by Aaronson, who introduced the notion of rational 
ergodicity (see Subsection 12 .21 for the proper definition). Denoting the Birkhoff sum 
of a function / by S'„/, rationally ergodic maps possess a sort of Cesaro-averaged 
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version of convergence in measure: there is a sequence (a„) such that, for every L^- 
function / and every subsequence (uk) of positive integers, there exists a further 
subsequence ) such that S'„^^/(x)/a„j.^ converges to / / almost everywhere. 
This latter property is called weak homogeneity and the sequence (a„), unique up 
to asymptotic equality, is called return sequence. 

Many authors have investigated the ergodicity of specific classes of cylinder flows. 
See e.g. [7], [8], [11], [15], [16]. On the other hand, few examples of rationally er- 
godic cylinder flows are known: [3] studies the asymptotic behavior of random 
walks driven by irrational rotations on the circle, and shows that the correspond- 
ing cylinder flow is rationally ergodic with return sequence a„ = n/y^Iogn, and 
[B] constructs examples of cylinder flows over almost every irrational rotation on 
the circle that are rationally ergodic along a subsequence of iterates, with return 
subsequence = g„+i/-y/7m, where (g„) is a subsequence of best approximations 
of the respective irrational rotation. 

The second part of this work discusses these notions for a class of random con- 
servative cylinder fiows. Specifically, we reinforce the properties on {X, v, T) and 
(j) and then strength Theorem 11.11 bv proving that F is also rationally ergodic, as 
stated below. 

Theorem 1.3. Let {X,i>,T) be an invertihle, uniquely ergodic probability-measure 
preserving system, and let (j) : X R be a non-identically zero, continuous function 
such that 

^ n—1 

y (f){T^x) — > uniformly in x. (l-l) 

^ 2—0 

Then the random conservative cylinder flow 

F : X xR — > X xM. 

(a;,x,i) I — > (aUjTXjt + uJo(f>(x)) 

is rationally ergodic, with return sequence a„ — -^/n. 

Theorem 11.31 holds, for example, when is a coboundary for T. Observe that 
assumption (jl.ip is natural in the sense that, in order to obtain results such as the 
central and functional central limit theorems, the divergence of 0's Birkhoff sums 
must be slower than that generated by the classical random walk on Z. 

The proof of Theorem ll.3l is based on a uniform local limit theorem with moving 
targets for independent but non-identically distributed Bernoulli random variables, 
on which the variances are driven by the values of along the orbits of T. More 
specifically, for each x £ X, observe that the third coordinate of F"(a;, x, t) is equal 
to 

n—1 ^ n—1 ^ n—1 

t + ^^<l>{T'x) = i + 2 E 'l^iT'^){2u;, - 1) + 2 E '^(^'^) (l-^) 

i=0 1=0 i=0 

and so if we consider, for each x G X, the martingale (S',^)„>i defined by 

S^^ = cl){x) ■ Xo + <l>{Tx) • -f • • • + cl){T"-^x) ■ Xn-i 
where Xi,X2, ■ ■ ■ are independent random variables, each distributed with 

P[X„ = 1] = P[X„ = -1] = i , 
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then mil) is equal to t + ^{Sf^ + J^"^^ H^'x)). Thus the behavior of the third 
coordinate of is driven by the martingales {S^)n>i, x E X. 

Observe that condition and the mere fact that (>5'^^)n>i is a martingale imply 
that the sequences X^"Jg^ Wi0(r*a;), n > 1, satisfy both the central and functional 
central limit theorems. Nevertheless, these results do not imply that F is rationally 
ergodic. For this we need a local limit theorem with moving target which is uniform 
in X € X. 

Theorem 1.4. Assume the conditions of Theorem ] 1.31 and let (s^) be sequences 
of real numbers such that 

lim s^/\/n = uniformly in x. 

Then, for all t > 0, there are constants K,no > such that 

<V^-¥[S:e[~t,t]-sf,]<K 
for every n > Uq and x £ X . 

The proof of Theorem ll.4l is contained in Section [SJ and follows the steps of the 
Fourier analytical proof of classical local limit theorems. See for instance §5.2 of 

As a particular case of Theorem II. 1[ let T be an irrational rotation on the circle, 
and let be a non-identically zero, continuous function with zero integral. If the 
values of (/> are small, then $i can be seen as a conservative perturbation of $o, a 
particular situation that naturally appears in the phenomenon called Arnold diffu- 
sion. In |14| it has been proposed that a small perturbation in the Gevrey category 
of a non-degenerate integrable Hamiltonian system gives rise to a dynamics that 
can be reduced to a skew product extension of integrable cylinder flows over a shift 
of finite symbols, but having different rotations in each cylinder flow. Moreover, it 
is proved that the random trajectories of the random dynamical system converge 
to a Brownian motion, after a proper change of scales. 

Our result can be applied to a slight variation of the model proposed in [14] 
(where the rotations are the same), in which case we also obtain a uniform local 
limit theorem with moving targets (Theorem II. 4|) and rational ergodicity of the 
respective random cylinder flow (Theorem II. 3|) . We believe that these results can 
be generalized when different rotations appear in the different cylinder flows, which 
is closer to (but yet not the same as) the examples constructed in [14, . 

The paper is organized as follows. After establishing the necessary preliminaries. 
Section |3] is devoted to the proof of Theorem 11.21 We then use this result to prove 
Theorem 1 1.1 1 in Section |4l This completes the first part of the article. The second 
part is contained in Sections [5] and [6l and consists of the proofs of Theorems 11.41 
and ll.3l respectively. 

Remark 1.5. Theorems 1 1 . 1 1 to [1741 hold for any Bernoulli measure on fi^, instead of 
only the uniform one. Indeed, Theorems 11.11 and 11.21 onlv make use that /i satisfies 
the Lebesgue differentiation theorem, while Theorems 11.31 and 11.41 only need that 
the random variables ujq,uji, . . . are independent and identically distributed. 
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2. Notation and preliminaries 

Definition 2.1. Let /, <? : N — > R be two real-valued functions. We say f ^ g H 
there is a constant C > such that 

\f{n)\<C-\g{n)\, VneN. 

If / 5 and 5 < /, we write / ^ 5. 

An clement of R will be denoted by t, and A the Lcbcsguc measure on R. fi^ is 
the space of two-sided sequences {0,1, . . . ,k — 1}^ with k symbols and ui = (w„)„ 
will denote an arbitrary element of fife. 

The natural transformation on Jl^ is the left shift a : ilk ^ flk, defined by the 
equality (crw)„ = u)n+i- All measures on will be Bernoulli measures, defined 
from a probability vector p = {po,. . . ,Pk-i) by the formula 

M = Hp 

riGZ 

Clearly, all such measures are invariant under c. 

2.1. Stable and unstable sets. Let — ilk, and let 

Ji^ = I]{o,i} , n" = I]{o,i}. 

Clearly f2 = x f2". Furthermore, if 

= n p ' = n p 

n<0 n>0 

are the Bernoulli measures on fi" respectively, then ji = ji'^ x ji^ . 

O can be seen either as a union of copies of Vt^ or of f2". More specifically, define 
for w e O the sets 

il'^luj] = {uj' &Q.;uj'^=Wn for n > 0} 

0"[a;] = {w' e O ; = w„ for n < 0} 

which are respectively the local stable and unstable sets of w with respect to a. It 
is clear that, for any w € O one has 

w'en"[w] w'en»[w] 

Furthermore, f2*'[w], are naturally identified with f2*, O" and thus can be 

equipped with the measures /x*, /x" respectively. This being said, for any A c f2 
measurable and w e O, it holds that 

H{A)= ( ii%Ann''[u;'])dii''{uj') = [ At"(^nn"[w'])d/x"(w')- 

Observe that, even (n",(T, /i") is a measure-preserving system, the measures 
/x" o (7 and /i" arc different (an analogous statement holds for /x*). Nevertheless, 
both and ^" have the bounded distortion property: for cj G fl, let C^[io] C f2*[a;] 
and C^M C be defined by 

C'^M = {w' G ; = Wfc for k > -n} 
= {w' e O ; w^, = Wfc for fc < n}. 
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Lemma 2.2. If A,B d C^[uj], then 

Analogously, if A,B c C^[w], then 

;U«(c7-"A) _ 
H^{a-^B) ~ {B) ' 

Proof. Let Ij = [po H l"Pj-i,Po H ^Pj)! J = 0, . . . , fc — 1, and let S : [0, 1) — >■ 

[0, 1) be the expanding piecewise linear map such that each is linear onto [0,1). 
Define tt : O" [0, 1) by the equality 

{7r(u;)} = fl E-"(/^J. 

n>0 

Then tt o ct = S o tt . Furthermore, the push forward tt*/^" is the Lebesgue measure 
A|[o,i), and tt is injective except at a set of zero /u"-measure. Thus tt is a measurable 
isomorphism between the probability measure-preserving systems (0",/i",o-) and 
([0. l)>'^l[o,i),5]), and so 

/i"(cr"A) _ A(S"7r^) _ \{ttA) _ 
^«(cr"B) ~ A(E"7r^) ^ XijiB) ~ ' 

where in the second equality we used that S"|,r(c^[w]) • '''(C^l'^]) [0, 1) is linear. 
The other statement is proved in an analogous manner. □ 

Lemma 2.3. Let AcO. with ii{A) > 0. // 

n''[oj],n"[co] c A 

for fi-almost every lu Cz A, then A = il. 

Proof. Let tt" : $1 ^ Jl'* and tt" : il ^ il" be the canonical projections. Thus 
n^[uj] =n^x {7r" (a;)} and = {7r''(a;)} x fi". Because C A for /x-almost 

every a; e ^, 

A = U n^^M = U 0* X {7r"(w)} = X 7r"(yl). 

Analogously, A = ir^iA) x O", and thus 

□ 

We end up this subsection establishing a Lesbesgue differentiation theorem for 

/u** and 

Lemma 2.4. Let A C f2'*[u;]. Then the limit 

/x-(AnQ[c.']) 

equals 1 for /i'' -almost every lj' G A and for almost every ui' ^ A. An analogous 
statement holds for f2", /x", C^[w'] . 
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Proof. Let TT : fi"[a;] [0, 1) be as in the proof of LemmaO The set n{C^[uj']) 
is an interval of length /i"(C,"[w']) which contains tt{uj'). Because 

^i^iAnc:W]) _ A(^(A)n^(c;^K])) 

the Lebesgue differentiation theorem for A gives the desired result. □ 

2.2. Infinite ergodic tiieory. Let {Y, rj, <&) be an ergodic measure-preserving sys- 
tem, where 77 is a sigma- finite measure with r](Y) = 00. Assume that $ is conser- 
vative: ri{A) = for any measurable A C Y such that {^^"A}n>o are pairwise 
disjoint. 

As stated in the introduction, for every / G L^{Y,ri) the Birkhoff averages 
Snf{x)/n converge to zero 77-almost everywhere. Nevertheless, Hopf's ratio er- 
godic theorem is an indication that some sort of regularity might exist and it might 
still be possible, for a specific sequence (a„), to smooth out the fiuctuations of 
Snf /0"n by means of a summability method. 

One attempt of obtaining this has been made by Aaronson, who introduced the 
notion of rational ergodicity (see §3.3 of 2 ). Given a measurable subset A C Y, 
let Rn : A — > N be the return function of A with respect to $: 

Rn{y) = m<i<n;^\y)eA}. 

Definition 2.5. A conservative ergodic measure-preserving system (Y, rj, <I>) is 
called rationally ergodic if there is a measurable set A <Z Y with < rj{A) < 00 
such that the return function i?„ : A — >■ N satisfies a Renyi inequality: 

A theorem of Aaronson [T] (see also Theorem 3.3.1 of ^) states that every 
rationally ergodic conservative measure-preserving system is weakly homogeneous. 
More specifically, it says that if 

°" = -Tm^ I ^"^^ = -Ja^ ll-ni^^ *"'^) ' (2-1) 

then every subsequence (n^) of positive integers can be refined to a further subse- 
quence (nfe, ) such that for all / e L^(y, 77) it holds that 

1^1 f 

{an) is called the return sequence of $ and it is unique up to asymptotic equality. 

We conclude this subsection stating a result, due to Atkinson l4[, which will be 
used in the next section. 

Theorem 2.6. Let {X,v,T) he an invertible, ergodic probability measure-preserving 
system and : X — )■ R a measurable function such that (pdv = 0. Then v-almost 
every x Cz X has the following property: for any measurable set A d X containing 
X with v{A) > and any e > 0, the set 

{n > ; T"a; G A and |5'„(/)(a;)| < e} 

is infinite. 




8 



PATRfCIA CIRILO, YURI LIMA, AND ENRIQUE PUJALS 



As a corollary, a cylinder flow {x,t) i-> (Tx,t + (f>{x)) is conservative whenever 
4>dv = 0. 

3. KAKUTANI'S theorem for CONSERVATIVE CYLINDER FLOWS 

We remind that (X, u, T) is an invertible, ergodic probability measure-preserving 
system, (/)o, . . . , ipk-i : X — > M are measurable functions such that 



4>f)dv = ■ ■ ■ = / (j)]^_idv — 
X Jx 

and ^i{x,t) — {Tx,t + (j)i{x)), i — 0,1, ... , k— 1, and let il = ftk. We want to prove 
that the random cylinder flow 

F : ilxXxR — > nxXxR 

{uj,x,t) I — > {auj,<^^g{x,t)) 

is ergodic if and only if the system {$0: ■ ■ ■ , ^k-i} is ergodic. 

Clearly, if F is ergodic then also is {$o, . . . , ^^-i}. For instance, if g{x,t) is 
invariant simultaneously for $oi ■ • • i ^fc-i, then /(w, x, t) — g{x, t) is F-invariant. 

The converse will follow from the 

Lemma 3.1. Any hounded F -invariant function f{uj,x,t) does not depend on the 
first coordinate, i.e. there is a bounded function g{x,t) such that 

f{uj,x,t) = g{x,t) a.e. 

Assume Lemma 13.11 has been proved and let f(uj,x,t) = g{x,t) be invariant 
under F . Whenever cjq = this gives 

{g o t) = /(crw, ^i{x, t)) = (/ o F){uj, x, t) = f{uj, x, t) = g{x, t) 

and so g is invariant under each $i . By assumption, g is constant almost everywhere 
and thus the same holds for /. 



Proof of Lemma \3.1\ Fix a set ^cfixXxRof positive measure, invariant under 
F. The idea is to see VI as the union of either stable sets or unstable sets and 
restrict the action of a to these subsets. 

According to Lemma 12.31 it is enough to prove that 

n'[uj] X {{x,t)} and f^^M X {{x,t)} C A (3.1) 
for almost every {uj,x,t) £ A. Let ^f^'*) c be defined by the equality 

A^ U A^^-'^ X {{x,t)} 

{x,t)eXxR 

and define measurable functions /i , /2 , . . . : ^ — > M by 

^"^"'"'^^^ ,HCM 

By Theorem 12.41 we have 

lim fn(Ld,x,t) — 1 for a.e. (aj,a;,i) e A. (3.2) 

n— >-oo 

Assume first that (|3.2p holds uniformly in A. Fix S > and let uq > 1 for which 
/„ > 1 — (5 for all n > riQ. 
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By Theorem 12.61 for almost every {uj,x,t) e A there is n > no such that 
{uj',x',t') = F^"-{u!,x,t) belongs to A, and then 



>1-S. (3.3) 



Note that 



where 



W = (T W 

x' = T-''x 

t' = t + S-n'^{ljJ,x) 



S-n^LO.x) = - Y,(j,^_^{T-^x). 

Because Sn^ only depends on x and on the first n coordinates of cj, we have 

Sn^C^i[u'\y,{x'} = Sn^iuj'.x') = -5_„$(w,a:) = t - t' . 

Furthermore, (T"C,"[aj'] = and so 

F-{C-[^']x {{x' ,t')}) = n-[Lo]x {{x,t)}. 
Thus Lemma 12.21 and relation p.3p imply that 



> 1-5. 

Because both (a;,x,i) S A and (5 > are arbitrary, it follows that f2"[a;] C yl*^^^*^ 
for almost every [uj^x^t) € A. Analosgously, we also have that W[uj] C A^^t for 
almost every {uj,x,t) G A, and this establishes p.ip . 

In the general situation, the convergence in p.2p is not uniform. Instead, do the 
following: for each A' C A with finite measure and each e > 0, Egorov's theorem 
assures the existence of A" C A' such that 

(1) (/I X J/ X X){A") > ifixiyx X){A') - e, and 

(2) /„ converges to 1 uniformly in A" . 

By the previous argument, (|3.ip hold almost everywhere in A" . This concludes the 
proof. □ 



As remarked in the introduction. Theorem II. 2 1 is a version of Kakutani's random 
ergodic theorem for conservative cylinder flows. We think Kakutani's random er- 
godic theorem should also hold more generally for any finite number of conservative, 
infinite measure-preserving transformations. Indeed, the argument presented here 
establishes this if one succeeds to prove that a random dynamical system generated 
by conservative, infinite measure-preserving transformations is conservative. 

Note that that conservativity is indeed a necessary condition. For example, take 
00 = and <f)i without zero integral such that the closed subgroup generated by the 
essential image of 4>i is R. As will be proved in the next section, this implies that 
the system {<I>o,<i>i} is ergodic (equivalently, one can conclude this by invoking a 
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similar argument to that in ,12 ). On the other hand F is, by Theorem l2.61 a non- 
conservative measure-preserving transformation. If F was also ergodic, it would 
have to be isomorphic to the translation n t—^ n + 1 on the integerqj, but one can 
choose 01 properly in such a way that this is not the case. 

4. Proof of Theorem 11.11 

Let G be the closed subgroup generated by the essential image of (j). G is either 
equal to aZ or R. Assume G — oL. If a = 0, then F(a;, x, t) = (crw, Tx, t) is clearly 
non-ergodic. If a 7^ 0, then 

A = f7 X X X (aZ+ [0,a/4]) 

is a non-trivial i^-invariant set, so again F is non-ergodic. 

Now assume G = M. Wc want to prove that F is ergodic. Let $01 ^1 : X x M — s> 
X X M be 

$o(a;,i) = (Ta;,i) and $i(a;, t) = (Tx, i + 

By Theorem 1 1.21 it is enough to prove that the system {<I>o, ^i} is ergodic. To this 
purpose, let g{x,t) be a bounded function, invariant under $0 and $1. Then 

giTx,t)^{go^o){x,t)^g{x,t) 

and so, by the ergodicity of T, g does not depend on the first coordinate, i.e. there 
is h{t) such that g{x, t) = h{t) almost everywhere. 

It remains to prove that h is constant almost everywhere. Note that 

h[t + <l){x)) = g{Tx, t + <l)[x)) = [g o t) - g{x, t) = h{t) 

and so h{t + <p{x)) = h{t) for almost every f e M and x ^ X. This means that the 
set 

r = {s eR: h{t + s) = h{t) for almost every t e M} 

contains the essential image of cj). Because P is a closed subgroujfl, it is equal to R, 
which in other words means that h, and thus also /, is constant almost everywhere. 
This concludes the proof. 

5. A LOCAL LIMIT THEOREM: PROOF OF THEOREM 11.41 

The aim of this section is to prove Theorem ll.4l To simplify the notation, denote 
cf = (j){T^x) and 

i=0 i=0 



An invertible, non-conservative, ergodic measure-preserving transformation is, up to isomor- 
phism, equal to the translation n i— >■ n -|- 1 on the integers. See Proposition 1.2.1 of |2]. 

^It is clear that P is a subgroup. To prove that V is closed, note that it can also be character- 
ized, by the Riesz representation theorem, as 

-p=<^seR; / h{t + s)u{t)dt = / h{t)u{t)dt for every u S Cc(K) f , 

where Cc(K) is the set of continuous functions « : M — > R of compact support. By the dominated 
convergence theorem, V is closed. 
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The third coordinate of F"-{uj,x,t), being equal to 

n— 1 n—1 J. 

i=0 i=0 



is ruled out by S'i^ : il — ;> M given as 



n-l 



where Xi, X2, ■ ■ ■ are independent random variables each with law 

— 1 with probability — 
^0 = { (5.1) 
1 with probability — • 

For a fixed x £ X, the process 5^ ,5*1 , . . . is a martingale with bounded incre- 
ments and thus, by the central limit theorem for martingales with bounded incre- 
ments, it satisfies the central limit theorem, and indeed the functional central limit 
theorem [5]. This means that the orbits under F distribute in a normal regime. 
It can also be shown, using the classical Fourier analytical proof of the local limit 
theorem (see e.g. §10.4 of [5]) together with the fact that the orbit of x under 
T equidistributes on X, that each of these processes also satisfies the local limit 
theorem 

V2Tm ■ P[S'^ g [a, 6]] -> 6 - a as n 00 

for any x £ X^ and even that 

V2Tm ■ P[S',^ e [a, b] — s„] b — a as n— >-oo 

for any x £ X, and any sequence (s„) such that Sn/\/n 0. This is not enough 
for proving rational ergodicity, because different x's may give different rates of 
convergence above. As rational ergodicity does not take into account multiplicative 
constants, we only need a weaker, but uniform on x and n, statement. This is the 
content of Theorem II .41 which we'll now prove. 

From now on we assume, after a proper dilation, that t = 1. The proof proceeds 
as follows: firstly, we use the unique ergodicity of {X, v, T) to obtain an estimate 
of the characteristic function of S^, uniform on n and x. Secondly, we use such 
estimate, together with a Fourier analytical approach, to establish the result. 

Given a random variable Y , let : M — > C denote its characteristics function: 

ipY{t) = E[exp(ity)]. 

Lemma 5.1. There exist S,a,b,no > such that for every n > ng and x £ X , it 
holds that 

expi^at^) < Lps^ ("^) - exp(-W^) , V|i| < 5^/TL. 
Proof. Note that 

^x,(t) = cost=\~ - + 0{t^) 
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and so, for \t\ small, 
and 

log^XoW >log(l-t') > -2*2. 
Thus, letting C = \\(f)\\oo > 0, take S > small so that 

exp(-2i2) < ^xjt) < exp(-tV8) , V|t| < SC. (5.2) 

Because 

(;^)-^""($)-"^""(^ 

(|5.2p implies that, for every |f| < (J^/n, 



By Birkhoff 's ergodic theorem, there is > such that 

11—1 



Take 



a — 4 I 4>^dv and ^ = I ^''''^^ 



to conclude the proof of the lemma. □ 

Let X[-i,i] denote the indicator function of the interval [—1, 1]. For the proof of 
Theorem 11.41 fix functions /i : ffi. — >■ M such that 

(i) 9 < Xl-1,1] < h, 

(ii) g{0) > 0, and 

(iii) g, h are continuous with support contained in [—A, A], for some A > 0. 
It is not hard to see that such functions exist. One can take, for example, 



_ 1 
^ ~ 12 



and h = X[^f ■ 



4 

We can also assume, by conditions (ii) and (iii) above, that S > also satisfies 

(iv) g\[_s,s]> m/^- 
Proof of Theorem \1.4\ We want to estimate 

■ P [s: e [-1, 1] - <] = • E [x[-i4](^n + <)] ■ 

Because 

■ E[g{S: + si)] <V^-E [x[-i,i] + <)] < ■ nns: + <)] , 

it is enough to estimate ^/n ■ E[g{S!ll + ■^n)] from below and y/n ■ 'E[h{S!^ + s^)] from 
above. 

Part 1. Bound of ^/n ■ E[g{S':li + ^n)] from below. 



RANDOM CYLINDER FLOWS 
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By the Fourier inverse theorem, 



n ■ / g(t)E[exp(zt(5^ + 



'n- / g{t)(ps^+.s^it)dt 



g{t)(fs'=+s'' {t)dt + ^/n ■ 



-5 



g{t)Lps^+sAt)dt. 



5<|t|<A 



We claim there is A < 1 such that, for no large enough, it holds that 

Ws-+si{t)\<y\ Va; e X,Vn > no,V5 < |t| < A. (5.3) 

To prove this, take e > sufficiently small such that [e, 2£] C <t){X) and 

|cos(st)|<p, Vs e [£,2£],VJ < |t| < A, 

for some p <1. Because </> is continuous and {X, iy,T) is uniquely ergodic, there is 
no > such that 

#{0<»<n;r'x€rM£,2£]} ^ 

>a, Va; e A,Vn > no, 

n 

where 2q; = i^(0^^[£, 2£]) > 0. Thus, for every x d X,n > uq and (5 < |t| < A, we 
have 

= |cos(cgi)---cos«_it)| 

n icos(cfi)i 

0<i<,i 

cf e[e,2e] 



< 



< ^#{0<J<n;c-G[e,2e]} 

_ ^#{0<'i<n:T*xe</<-i[£,2£]} 

= A", 



where A = < 1. This establishes (|5.3I) 
Then 



< 2A| 



V^- A" 



(5.4) 



'<S<|t|<A 

To estimate the integral close to zero, first apply a change of variables to get 



/n- I g{t)(ps^+s''it)dt 

-S 



9 



t 



4= 1 di 

\ n , 



exp I it 



dt 



'n 



5 ^ Us^M ^ cos dt. 
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Now, let /3 > such that cos |[-^,^] > 1/2, let 

mZ = mm <^ — — , — ^ > 



and divide the former integral into two parts accordingly to m^: 



-S 



g I ^ ) ifs^ [-7=] cos (t^ 1 dt 

g (-^) ipsi ( ^Uos f 1 dt 

h+h- 



By the choice of g and (3, the fact that — >■ cxd as n — >■ 00, and Lemma 15.11 it 
follows that 



> M / exp(-ai^)dt > ^ exp 

4 J|t|<m^ 4 J_i 



{~at^)dt 



|t|<™S 

for every sufficiently large n and arbitrary x. Now, by the same reasons as in the 
last estimative, 



h > - 



> 



m=^<\t\<S^ 



g \ -^j <^s- cos iit-^' 

2 



/m5^<|t|<5y?r 



\\g\\^eM-bt')dt 
/ exp{~bt'^)dt. 

J\t\>ml 



Thus 



/n- / g{t)Lps^+s%^{t)dt>^^ ^ 



I exp{-at'^)dt - \\g\\^ exp 
J-i -^It^^S 



{-bt')dt 



is bounded away from zero if n is large, uniformly in x. This, together with (j5.4p . 
proves Part 1. 

Part 2. Bound of ^ ■ E[/i(S'^^ + s^)] from above. 
Analogously as in Part 1, inequality (|5.3p gives 



'n- / h{t)Lps^+si{t)dt 

/5<|t|<A 



< 2A||^||oo -Vn-X' 



RANDOM CYLINDER FLOWS 
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and Lemma [5.11 gives 



Hi- \ h{t)ips^+sf^(t)dt 
-s 



< 



< \\h\ 



h ( VS^+s- (A= 1 dt 
h (^) (^s. 1 dt 

2\ 



cxp{-br)dt 



< ||/i||oo / exp{-bt^)dt, 



which is finite. 



□ 



Observe that the above proof is robust in the following sense: Theorem 11.41 
remains valid with the same constants K, no if we change (s^) by (s^ + 1), where t 
runs over a compact set. 

6. Rational ergodicity: proof of Theorem 11.31 

We now proceed to prove rational ergodicity. It is enough to prove that if 
Rn : fl X X X [— ^, |] — N is the return function, 

Rn{oJ,x,t) = i^^^l<i<n■,F'{u,x,t)EnxXx -1,1 

= ^x[-i,i](^rH + «r + 2t), 

4 = 1 

then 



/ Rn{uj,x,t)^ < i f R„{uj,x,t)] , n>0. 



(6.1) 



For fixed x E X and t € [—5, Theorem ll.4l gives that 

/ i?„(t.,.T,i) ^ Y.\ Xhi,i](^fH + < + 20 
JO -^-^ JO 

n 

= 5^P[Sr€ [-l,l]-(.sf + 2t)] 

n 

^ ^ P[5f e[-l,l]-(,sf + 2t)] 

i=Tin + l 

- E ^-^^^ 

no 
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On the other hand 
i?„(a;,x,i)^ 



n ^ 

E / x[-i,i](5rH+< + 2t) 

/ Rn{LU,X,t) 

^^ + EP[5f e + 2t),5Je [-l,l]-(,sJ + 2<)]. 



By the cocycle property, we have 

and so, because Sf{Lu) and Sj_^{a^uj) are independenlQ in w, it follows that when- 
ever i > no and j — i > no, 

5f e [-l,l]-« + 2t). 



S*; e [-1,1] - (s;^ + 2t) 



< 



5f e [-l,l]-(sf + 2i), 
5f:f e [-2,2]-(sf + 4) 



- P[5f e [-l,l]-(sf + 2i)] X 
P[5j:?eh2,2]-« + s^-)] 



Thus 



Sf e [-1,1]- {s- + 2t), 
e[-i,i]-{s-j+2t) 



< 



< 



E 

l<i<j<n 
i.3-i>nO 



-1/2 



-1/2 



-1/2 



This gives that 



Rn{i^, X, tY ^ n 



for any x ^ X and any t G [—5, 5], and so 



nxxx [-5, J 



Rn{ijJ,x,tY < n 



< 



Rn{uJ,X,t) 



which concludes the proof of ()6.1 



■^5^(1^) depends on the coordinates uio, . . . ,uii—i and Sj^^^ ^ {a'^^^ uj) depends on the coordi- 
nates Uli, . . . , — 



RANDOM CYLINDER FLOWS 
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